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Abstract. A direct and more general calculation of the limb effect connected with red-shift observa-
tions is obtained. Result agrees completely, in its general form, with that obtained from observations
of the solar spectra but with different value for the maximum effect.
1. Introduction
More consideration has been given recently to the so called ‘limb effect’ in con-
nection with the red-shift observed for the spectra of the Sun. It has been realized,
on an observational basis, that the value of red-shift increases as we move towards
the limb of the Sun’s disc. Several authors gave possible interpretations for this
phenomena. They suggested that the reason may be due to streaming motion in the
solar atmosphere, (Adam, 1979), acoustic waves, (Adam, 1976), Compton effect,
(Adam, 1976), inter atomic collision, (Adam, 1976), variation of intensity from
center to limb, (Peter, 1999), gas flow or waves flow downward from corona to the
center, (Mariska, 1992; Hansteen, 1993, radiative transfer; Warren et al., 1998),
the variation of magnetic field, (Brynildsen et al., 1995, variation of the electron
temperature; Achour et al., 1995; Peter and Judge, 1999, and the scattered light at
the extreme limb, Adam, 1976).
It is the purpose of the present work to calculate, in a more general way, the
value of the red-shift due to the gravitational field of a celestial body (the Sun say).
In doing so, we hope to throw more light on this phenomenon.
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Figure 1.
2. Theorems on Null-Geodesics and General Formula for Red-Shift
Let us consider two identical atoms at the two points C1, C2 on the equator of a
spherical celestial body whose centre is O. The two atoms are accompanied by two
observers A1, A2. Thus the two observers A1, A2 will have the same world line
of C1, C2. Let the unit vector along their common world line be denoted by ρµ
as shown in Figure 1b. Let B be an observer moving in the field of that celestial
body (e.g on the surface of the Earth), with the directional unit vector µ. At a
certain instant, let the observer B be at the point C0 which lies along the radial
null-geodesic 1 passing through C1. Let the null-geodesic joining C0 and C2 be
2. If λ1 is the wavelength of vibration of the first atom at C1 as measured by
its accompanying observer A1 and λ
0
1 is the wavelength, of the same vibration, as
measured by the observer B. It has been found by Kermack, McCrea and Whittaker
(1933), as a consequence of applying their two theorems on null-geodesics, that
λ
0
1 = [ρµ η
µ]C1
[µ ηµ]C0
λ1, (1)
where ηµ is the transport null-vector along the null-geodesic 1. The suffixes C1,
C0 denote that the expressions within the brackets are to be calculated at the two
points C1, C0 respectively.
Similarly, if λ2, λ
0
2 are two wavelengths of vibration of the second atom at C2 as
measured by the two observers A2, and B respectively, then we have
λ
0
2 = [ρµ ζ
µ]C2
[µ ζµ]C0
λ2, (2)
where ζµ is the transport null-vector along the null-geodesic 2. But, since the two
atoms are identical and the celestial body, on its surface they lie, is spherical, the
two wavelengths λ1, λ2 must be identical as the two atoms are on the same great
circle, i.e.
λ1 = λ2 = λ. (3)
Thus, the amount of red-shift which is purely due to the change in the line of sight
used by the observer will then be given by
 Z =
λ
o
2 − λ
o
1
λ
. (4)
Using (1),(2), we get
 Z = [ρµ η
µ]C1
[µ ηµ]C0
− [ρµ ζ
µ]C2
[µ ζµ]C0
. (5)
It is then left to calculate the values of the transport vectors ηµ, ζµ along the two
null-geodesics 1, 2 respectively and the values of the unit vectors ρµ, µ at the
indicated points. To do so, we are going to consider the solutions of the equation
of motion applicable for material particles as well as for photons, i.e. the solutions
for the geodesic equation and the null-geodesic equation respectively, in the field
of the Sun.
3. General Form for The Solution of Equation of Motion
Assuming the exterior field of the celestial body to be of the form of the ordinary
Schwarzschild’s space-time, i.e.
dS2 = γ dt2 − dr
2
γ
− r2 (dθ2 + sin2θ dφ2), (6)
where γ = 1 − 2 m
r
, m = G M
C2
, and M being the mass of the celestial body in the
cgs units, the equation of motion of a free test particle can be put (cf. Adler et al.,
1975, p. 54) into the form
d2xµ
d p2
+
{
µ
αβ
}
dxα
d p
dxβ
d p
= 0 (7)
where p is the affine parameter characterizing the trajectory of the particle. The
solution of (7) for the metric (6) can be put into the general form,
d r
d p
=
√
α2 − γ (E + h
2
r2
), (a)
θ = π
2
, (b)
d φ
d p
= h
r2
, (c)
d t
d p
= α
γ
. (d)
(8)
where α, h are two constants of integration, and E is a parameter, specified by
E = 0, for a photon,
E = 1, for a material particle. (9)
It is clear from the Equation (8c), that for a radial path (φ = constant)
d φ
d p
= 0, and h = 0, (10)
thus from (8)–(10), the components of the transport null-vectors ηµ giving the
tangent at any point on the radial null-geodesic 1, will be
ηµ ≡
[
dt
dp
,
dr
dp
,
dθ
dp
,
dφ
dp
]
,
≡
[
α
γ
, α, 0, 0
]
. (11)
Thus taking the Sun as our celestial body and the Earth as the point where the
observer B is located, the components of the transport null-vector will be:
η
µ
1 ≡
[
α
γ∗
, α, 0, 0
]
. (12)
η
µ
0 ≡
[
α
γ⊕
, α, 0, 0
]
. (13)
at the two points C1 and C0 respectively, where γ∗ = 1 − 2ma , γ⊕ = 1 − 2mb , a
is the radius of the celestial object (Sun) and b is the distance of the Earth from
the the celestial object’s (Sun’s) center. For the oblique null-geodesic 2, we still
have E = 0 while h 	= 0. Thus the transport null-vector ζµ will then have the
components:
ζµ ≡
[
α γ −1,
√
α2 − h
2
r2
γ , 0,
h
r2
]
, (14)
consequently:
ζ
µ
2 ≡
[
α γ −1∗ ,
√
α2 − h
2
a2
γ∗, 0,
h
a2
]
, (15)
and
ζ
µ
0 ≡
[
α γ −1⊕ ,
√
α2 − h
2
b2
γ⊕, 0,
h
b2
]
. (16)
If we assume that the celestial body (Sun) rotates about its center then its
angular velocity is given by
dφ
d t
def= Vˆ∗,
i.e.,
d φ
d P
= Vˆ∗ d t
d P
. (17)
By considering a particle on the equator of the celestial object, it moves in a circle
of radius equivalent to the radius of the celestial object. So, the unit vector ρµ along
the world line of A1 takes the form,
ρµ =

 γ∗√
γ∗ − Vˆ 2∗ a2
, 0, 0,
−Vˆ∗ a2√
γ∗ − Vˆ 2∗ a2

 . (18)
Also, the unit vector along the world line of the observer at B is given by
µ =

 γ⊕√
γ⊕ − Vˆ 2⊕ b2
, 0, 0,
−Vˆ⊕ b2√
γ⊕ − Vˆ 2⊕ b2

 . (19)
where b is the radius of the B’s orbit around celestial object, and Vˆ⊕ is the orbital
angular velocity of the Earth around the celestial object (the Sun).
From (12), (13), (18), (19), and (4) we have,
λ
0
2 − λ
0
1
λ1
= h
(
γ⊕ − Vˆ 2⊕ b2
γ∗ − Vˆ 2∗ a2
)(
Vˆ⊕ − Vˆ∗
α − h Vˆ⊕
)
. (20)
This relation gives the difference in the red-shift between two points on the equator
of the celestial object as observed from the Earth’s surface. This general formula of
the change of the red-shift for two vibrating atoms due to their positions depends
on the parameter h. This parameter is related to the angle between the two lines of
sight of the two atoms.
4. The Angle Between Two Null-Geodesics
In 4-dimensions, the angle between two null-vectors has no definition. We usually
deal with photons in astronomical observations. The trajectory of such particles
is a null-geodesic (whose tangent is a null-vector). Consequently, it will be im-
possible to try to measure the angle between any two null-geodesics. In fact, astro-
nomers do measure the angle between the projections of such null-geodesics in a
3-dimensional hypersurface.
Let C be a point (an observer) in a 4-dimensional Riemannian space, at which
the metric can be put in the form,
dS2 = g00 dt2 − gij dxi dxj , (i, j = 1, 2, 3),
= g00 dt2 + aij dxi dxj . (21)
Let 1, 2 be any two null-geodesics in the space (21) intersecting at the point C.
If ηµ is the transport null-vector along the null-geodesic 1, then we have,
gµν η
µην = 0, (22)
g00(η
0)2 − gij ηiηj = 0,
gij
ηiηj
g00(η0)2
= 1,
gij v
i vj = 1. (23)
Figure 2. Theoretical limb effect
Figure 3. Observational and theoretical limb effect
where vi = ηi√
g00 η0
, represents a unit vector in the 3-dimensional sub-space,
dl2 = aij dxi dxj , (i, j = 1, 2, 3). (24)
If wi is the unit vector obtained in a similar manner, and representing the dir-
ection of the null-geodesic 2 at C, then the angle between the two null-geodesics
can be given as usual by:
cos θ = aij vi wj . (25)
5. Gravitational Red-Shift Along The Sun’s Disc
The formula obtained (20), in the present work, for the observed red-shift in the
spectral lines of a celestial body is more general than previous treatments as it
makes complete and direct allowances for the following essential factors:
(i) the motion of the vibrating atom under consideration,
(ii) the motion of the observer relative to the atoms,
(iii) the direction of the line of sight used for the observations.
Besides, a direct estimation of the limb-effect is being given by considering the
change in the observed wave-length purely due to the change in position of vi-
brating atom on the celestial body. Two identical atoms located at two different
points on the equator of the celestial body, are observed by the same observer on
the surface of the Earth. The difference between the two observed wavelengths has
been calculated. One of the two atoms is considered to lie along the radial null-
geodesic, joining the observer to the center of the celestial body, and the other one
is observed obliquely. A direct relation between λ/λ and the angle between the
two lines of sight has been obtained.
By using the null-vectors defined by (13), (16) in (25), we find that,
h = α b√
γ⊕
sin θ, (26)
Substituting in (20) we get the difference between the red-shifts of the two vibrating
atoms at two different positions, on the equator of the Sun, in the form,
λ
0
2 − λ
0
1
λ1
= A1 sin θ
1 − B1 sin θ ,
where
A1 = b√
γ⊕
(Vˆ⊕ − Vˆ∗)
(
γ⊕ − Vˆ 2⊕ b2
γ∗ − Vˆ 2∗ a2
)
, (27)
B1 = b√
γ⊕
Vˆ⊕.
By using the transformation sin θ = a
b
sinψ , then A = a
b
A1, B = ab B1 , and the
relation (27) takes the form,
 Z = A sinψ
1 − B sinψ , (28)
where ψ is the angle between the projection of the radial null-geodesic 1 in the
spatial 3-dimensional space and the radius of the celestial object to the point C2.
It is clear that the formula (28) is free from the linear terms of the Einstein shift,
so we expect that it gives rise to Doppler effect in the presence of the gravitational
field and other effects which includes a type of interaction between velocity and
the gravitational field. To eliminate the Doppler shift from the formula (28), we
consider two atoms on the equator of the Sun symmetrically situated with respect
to the angles ψ , −ψ , as shown in Figure 1a, and then we take the average value,
we get,
1 = A B sin
2 ψ
1 − B2 sin2 ψ . (29)
The relation (29) shows that 1 takes the values,
1 = 0 at the center of the Solar disk,
1 = A B
1 − B2 at the limb of the Solar disk,
and it increasing from center to the limb on both sides. So this formula may throw
some light on the phenomenon of ‘Limb Effect’, observed in the Solar spectrum.
6. Concluding Remarks
The stellar limb effect was studied by many authors (e.g. Ayres et al., 1983; Ayers
et al., 1988; Engvold et al., 1988). Also this phenomenon was studied by several
authors in Solar spectrum by (St. John, 1928; Evershed, 1931; Adam, 1948, 1958,
1959, 1976, and 1979; Feldman et al., 1982; James and Keith, 1985; James et
al., 1991; Hassler et al., 1991; Keith, 1992; Brekke, 1993; Achour et al., 1995;
Brynildsen et al., 1995; Warren et al., 1998; Peter, 1999, and Peter and Judge,
1999). All those investigators detected the center to limb variation in the Solar
spectrum along the Solar disk, except Hassler et al. (1991). Some of them tried to
explain the physical processes which cause such phenomenon, but non of them was
sure about the reason. Now in order to compare our theoretical result with obser-
vations we draw the curve showing the relation between 1 and the disk position,
for the Sun. It is found to be a parabola as shown in Figure 2. The general features
of this curve are similar to those of the curve obtained from observation but with
different scale as it is clear from Figure 3. The maximum value calculated from
the relation (29) at the limb of the Sun (ψ  90◦) is 1 = 4.8 × 10−7 kms sec−1,
while the corresponding average value obtained from observations is 1 = 0.3 kms
sec−1. This means that the observed values involves some other effects causing a
magnification of the red-shift.
It is to be considered that the ratio between the theoretical and the observed
values of 1 is given by
1theo.
1obs.
= 16 × 10−7. (30)
Recently, some authors mentioned that the trajectory of a massless spinning
particle (e.g. photon), in a background gravitational field, is a spin dependent (cf.
Halpern, 1988; Wanas, 1998). The deviation from the null-geodesic motion is sug-
gested to be due to a type of interaction between the quantum spin of the moving
particle and the background gravitational field. There are some evidences for the
existence of this interaction on the laboratory scale (Wanas et al., 1998, and 2000a),
and on the galactic scale (Wanas et al., 2000b).
The coupling constant for this interaction is suggested to be the fine structure
constant αˆ = 1137 . If we evaluate (30) using this constant, we find that,
1theo.
1obs.
=
(
αˆ
6
)2
.
The question now is: Is there any impact of this interaction on the limb effect?.
Apart from the result obtained, we have got a byproduct which can be clarified
in the following remarks:
1 – Although the angle between two null-geodesics is not defined theoretic-
ally, but it seems to be measured by observations e.g. the angle between the null-
geodesics coming from center and limb of the Solar disk, i.e the semi-diameter of
the Solar disc.
2 – Consequently, the angle between these two null-geodesics given by the
relation (25), could be considered as a type of projection of the 4-dimensional
null-geodesics on a 3-dimensional subspace.
3 – From (1), (2) one may conclude that:
‘the angle between any two null-geodesics in 4-dimensional space cannot be defined
theoretically, unless we project them in 3-dimensional subspace’ and one may
generalize this result in the following statement ‘In the context of geometric field
theories, calculations are carried out in 4-dimensional space, while observations (or
experiment) are carried out in a (3 + 1) dimensions.’ This result has strong impact
on the solution and interpretation of the geometric field theories including general
relativity (Wanas, 1990).
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